In this paper, we propose an analytical expression for the effective permittivity of an artificial medium formed by arrays of parallel metallic nanowires embedded in a dielectric host. This permittivity is derived by finding the eigenvalues of the structure's transfer matrix which is obtained using an analytical circuit model. The presented effective permittivity, characterized by explicit expressions in terms of the geometrical parameters of the structure and the frequency, covers both perfectly conducting and plasmonic wires. The results of the introduced model are in excellent agreement with the full-wave simulations. The obtained effective permittivity also predicts that the structure under study can be considered as an epsilon-near-zero metamaterial at some frequencies.
Introduction
Electromagnetic metamaterials are artificial materials that are engineered to affect electromagnetic waves, and hence show some properties that cannot be found in nature. In order to achieve these unconventional desired properties, these materials are made of multiple individual sub-wavelength elements which are fashioned in precise shape, geometry, size, and arrangements [2] [3] [4] . Amongst these properties, reaching negative permittivity and/or negative permeability is of great importance. In the seminal works of Pendry et al [5, 6] , the first metamaterials with such properties were introduced. An interesting example of such metamaterials is a periodic array of thin metallic wires embedded in a dielectric host, which shows negative permittivity in a certain range of frequencies [5] .
Different investigations have been conducted to model the aforementioned structure by a single slab with an effective frequency-dependant permittivity. In [5] , the effective permittivity of a periodic structure made of very thin metallic wires is expressed in the form of a lossy, spatially non-dispersive Drude model with an effective plasma frequency. This effective plasma frequency, which can be reduced to near-IR, THz or even GHz range by varying the geometrical parameters of the structure, is orders of magnitude below the plasma frequency of the single constituent elements, which is generally in the ultraviolet range. In [7] , a quasi-static model for the effective properties of wire media formed by long periodically cut cylindrical wires is developed. This model is valid for the arrays with square unit cells and is not limited to very thin wires. Furthermore, it can be extended to the arrays of lossy or loaded wires. However, the previously introduced effective permittivities cannot model the structure with so much accuracy, especially in short wavelengths.
Effective properties of a structure can be obtained using its transfer matrix. In [8] , a quasi-effective medium theory using the transfer matrix method is presented to obtain the quasi-effective impedance of a multi-layer concentric cylindrical system. In [9, 10] , reflection and transmission coefficients that are obtained from the transfer matrix are used to extract the effective permittivity and permeability of some electromagnetic metamaterials.
Here, we propose a fully analytical expression for the effective permittivity of an artificial medium containing long square metallic wires located in a dielectric host. The proposed expression is highly accurate even in short wavelengths since instead of using a quasi-static approach, we consider the effect of the wave propagation within the structure. Furthermore, we show that the effective permittivities presented in [1, 5, 7] lack desirable accuracy even in long wavelengths.
In order to find the effective permittivity of the structure, we consider the whole structure as a stack of layers which are made of a metallic grating embedded in a dielectric medium. We attribute a circuit model to each of these layers, and extract the transfer matrix of the layer using this circuit model. Afterwards we find the propagation constant of Bloch waves of the structure using the eigenvalues of the mentioned transfer matrix, and taking advantage of the obtained propagation constant, we can find the effective permittivity of the structure. To simplify the expressions, we first model the metallic grating region within each layer by a transmission line, and find the propagation constant and the characteristic impedance of this transmission line. Then, replacing the metallic grating by the obtained transmission line, we can find the circuit model of the whole layer. It is demonstrated that the simulation results of the proposed effective permittivity for the wire medium structure, which can also be considered as an epsilon-near-zero metamaterial, are in excellent agreement with the full-wave simulations.
The rest of the paper is organized as follows. In section 2, we replace the metallic grating region with a transmission line, and in section 3, the effective permittivity of the wire medium is obtained. The simulation results of the proposed permittivity are presented in section 4, and section 5 concludes the paper.
Replacing the metallic grating region by a transmission line
Consider an array of infinitely long metallic wires with a W × W square cross-section, arranged in a square lattice of period D, and embedded in a generic host slab with electric permittivity ε h . Figure 1(a) shows the geometry of the structure. The structure, which is periodic in two dimensions (x and z), can be considered as a one-dimensional periodic stack of layers, the top view of which is shown in figure 1(b) . These layers are made of a one-dimensional metallic grating (the region between z = (D − W)/2 and z = (D + W)/2) with a width W, embedded in a homogeneous dielectric layer. Under these circumstances, the thickness of the structure along the z direction is L = ND, where N is the number of the mentioned layers and is assumed here to be infinite. Suppose that the structure is under normal incidence, and the electric field is along the y axis.
In order to find the effective permittivity of the wire medium, we take advantage of a circuit model corresponding to one layer of the structure. In this circuit model, we first replace the metallic grating region (the region between z = (D − W)/2 and z = (D + W)/2) with an effective transmission line with an effective propagation constant β eff−gr , an effective characteristic impedance Z eff−gr , and a length W. Then, in the next section, the effective permittivity of the wire medium, which is now a simple one-dimensional periodic multilayer, is calculated.
The propagation constant and the characteristic impedance of a transmission line can be obtained by using the eigenvalues and eigenvectors of its transfer matrix, respectively. Accordingly, to find β eff−gr and Z eff−gr , we find the eigenvalues and eigenvectors of the transfer matrix representing the metallic grating. However, we calculate this transfer matrix, defined by (1), by replacing the metallic grating with an approximate circuit model depicted in figure 2 [11] .
where V i and I i (i = 1, 2) are defined as in [11] . In this circuit model, the homogeneous regions surrounding the metallic grating are modeled by transmission lines with the propagation constant and characteristic impedance of β h and Z h , respectively: 
where ω and μ 0 are the angular frequency and the free-space magnetic permeability, respectively. Similarly, the bulk of the metallic grating can be modeled by a transmission line with the propagation constant and characteristic impedance of β gr and Z gr , respectively [12] :
where k 0 and ω = 2πf are the free-space wavenumber and the angular frequency, respectively, with f being the frequency and μ 0 the free-space permeability. Now, let us estimate the surface impedance, Z sur , modeling the interface between the grating and surrounding dielectric media. For small values of W (W ≪ λ, where λ is the free space wavelength) which is a good assumption for the considered subwavelength nanowires, the transmission line that models the bulk of the grating can be temporarily neglected (we neglect the transmission line only in this step). Therefore, we can use the analytical model in [13] providing that the wires are made of perfect electric conductors (PECs). In this model, the interfaces between the metallic grating and the upper and lower dielectric media are represented by shunt inductors presented in [13] , and modified in [11] . This shunt inductor, L, has been given as
where η 0 , c 0 , and λ are the wave impedance, the light speed, and the wavelength in free-space, respectively, and
If the metallic wires are deemed to be PECs, the surface impedances at the interfaces between the metallic grating and the upper and lower media are
However, since unlike PECs, real metals have finite conductivity, their loss should be taken into account. The presence of ohmic loss affects both the transmission line and the surface impedance, Z sur . Given that W is smaller than the free space wavelength, modification of the propagation constant and the characteristic impedance of the transmission line section in the model is of no great consequence. Rather, a non-negligible resistive part is added to the surface impedance so that the surface impedance is written as Z sur = Z L + Z m where the pure real Z m accounts for the finite conductivity of metals. In the limit when W tends toward zero, the ratio of the dissipated power to the incident power can be written as
where I 1 and I 2 are the input and output currents shown in figure 2 . Now, let us estimate the electromagnetic power loss in the original structure. We start by writing Ampere's law according to figure 3 over one period of the grating:
where J = σE is the current density with σ being the electrical conductivity of the metal, and H and E are the magnetic and electric fields, respectively. It is noteworthy that since the wave is TE polarized, the electric field and magnetic fields are in the y and x directions, respectively. Furthermore, ∑ denotes the surface enclosed by the closed curve δ∑ as shown in figure 3 . With I 1 and I 2 being the tangential magnetic fields multiplied by period in the upper and lower regions, respectively, we obtain
Here, J J = ŷ is assumed to be constant inside the metallic wires and zero elsewhere.
Moreover, the electric power dissipated by the Lorentz force acting on charge carriers within volume V inside the metallic wires is
where * denotes the complex conjugate operation. Substituting (11) in (12), the dissipated power in one period per unit length is obtained as
On the other hand, the input power to the metallic grating is
in y x 1 1 * where E 1y and H 1x are the electric and magnetic field components of the incident wave. Hence, the input power to one Z x ∂Σ Figure 3 . The closed curve ∂Σ around one period of the metallic grating for which Ampere's law is applied.
period of the metallic grating per unit length is
As a result, the ratio of the input power which is dissipated in the metallic wires is
Comparing (14) with (7), we can find the surface impedance at the interface between the metallic grating and the upper and lower host regions due to the finite conductivity of real metals as
Hence, the total surface impedance between the metallic grating and the contiguous host media is obtained as
It is worth noting that in the limit of zero width cell size, i.e. when W approaches zero, both the real and imaginary parts of the surface impedance tend to infinity. This should not come as a surprise since the surface impedance is a shunt component in the proposed model. Now that the surface impedance in the circuit model in figure 2 is duly modified, the overall transfer matrix of the circuit model for the metallic grating region within the metallic nanowire meta-material can be easily obtained from (20).
It should be once again emphasized that modification of β gr and Z gr in the abovementioned expression is not necessary insofar as W is smaller than the wavelength. In other words, the effect of loss is more accentuated in the resistive part of the surface impedance.
In the next step, we find an effective transmission line corresponding to this transfer matrix. The eigenvalues of the transfer matrix are exp(±jβ eff−gr W), where β eff−gr is the sought-after effective propagation constant, which is given by the following expression: The accuracy of this approximation is verified through a numerical example in which the parameters of the metallic grating are: D = 2 μm, W = 100 nm, and ε h = 1. Figures 4(a) and (b) respectively show the real and imaginary parts of Z eff−gr , respectively. In these figures, solid curves depict the characteristic impedance obtained by (15) , and dotted curves show the approximated characteristic impedance found via (16). As can be clearly seen, the characteristic impedance obtained from (16) is accurate enough to approximate the exact effective impedance given by (15), hence we use (16) as the characteristic impedance of the effective transmission line, modeling the metallic grating region, hereafter. However, to simplify the expressions, we can approximate Z eff−gr as
eff gr gr 
Effective permittivity of the wire medium
In the previous section, we replaced the metallic grating region (the region between z = (D − W)/2 and z = (D + W)/2 in accordance with figure 1(b) ), and the surrounding homogeneous regions within each layer of the wire medium with transmission lines. Now, in order to find the effective permittivity of one layer of the wire medium, we find the effective propagation constant of the layer by searching for the eigenvalues of its transfer matrix. As in the previous section, this transfer matrix is obtained by taking advantage of the presented circuit model for this layer, shown in figure 5 .
Based on the presented circuit model, the transfer matrix of one layer of the wire medium is as (23). On the other hand, it is well known that
However, since the effective permeability of the wire medium, μ − eff WM , is near to unity [14] , we obtain the effective permittivity of the wire medium as (28). 
Simulation results
We verify the accuracy of the proposed effective permittivity through a numerical example in which the proposed effective permittivity and the permittivity presented in [1] are compared with the rigorous effective permittivity obtained from full-wave simulations carried out by CST Microwave Studio and using the method described in [15] . Figures 6(a) and (b) show the real and imaginary parts of these effective permittivities as a function of wavelength, respectively. The structure under study is presented in figure 1 : a periodic array of silver nanocolumns of square cross-section whose period and width are D = 2 μm and W = 100 nm, respectively, embedded in a dielectric host medium with ε h = 1. As can be seen, the proposed effective permittivity virtually coincides with the rigorous model obtained using CST Microwave Studio, while the effective permittivity presented in [1] cannot model the structure as accurately. It is noteworthy that the difference between the proposed effective permittivity and that presented in [1] becomes more severe in short wavelengths where the quasi-static approximation is not valid anymore; on the contrary, including the effect of the propagation of waves within the structure leads to very accurate results in our model, even at very short wavelengths. We note that the effective permittivity becomes near to zero, and thus the structure can also be deemed as an epsilon-near-zero metamaterial at short wavelengths. It should be emphasized that in contrast to our proposed effective medium, this effect cannot be predicted with previous models [1, 5, 7] .
To further verify the accuracy of the proposed circuit model we have plotted the power reflection and power transmission from the structure under study with L = 10D according to figure 1, in figures 7(a) and (b) , respectively. The other parameters of the structure are the same as in the previous example.
As clearly seen in these figures, especially at short wavelengths, where the two effective permittivities show inconsistency, the results obtained by the proposed permittivity are in almost complete agreement with the full-wave results whereas the permittivity presented in [1, 5, 7] cannot follow the rigorous results.
Conclusion
We proposed an effective permittivity for metamaterials made of arrays of metallic wires with square cross-sections, embedded in a dielectric host medium. The structure is considered as a stack of layers containing a one-dimensional metallic grating embedded in a dielectric host. The introduced effective permittivity, which is a function of frequency and the geometrical parameters of the structure, is obtained by proposing a circuit model for each layer of the medium and then attaining the eigenvalues of the transfer matrix of the structure. The transfer matrix was obtained analytically thanks to the available circuit model.
The simulation results of the proposed effective permittivity are in almost complete agreement with the fullwave simulations performed by CST Microwave Studio. It is shown that not only is our proposed effective permittivity highly accurate at short wavelengths where the previous models [1, 5, 7] completely fail, but also the previous models do not accurately predict the effective permittivity of the structure at long wavelengths while the proposed effective permittivity does. Moreover, the presented model for the effective permittivity, as well as the full-wave simulation results, shows that the wire media can be considered as an epsilon-near-zero metamaterial at short wavelengths, while this effect cannot be observed using the previous models. 
